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1. INTRODUCTION 
Let N be the class of normalized analytic functions 
f(z) = z + u2z? + u323 + -.., 1-q <l. (1.1) 
Let S, S*, and SC denote the subclasses of N which arc univalent, univalent 
starlike, and univalent convex in / z 1 < 1, respectively. 
A necessary and sufficient condition for f(z) E N to be univalent starlike in 
jzl<ris 
A necessary and sufficient condition for f(z) E N to be univalent convex 
injz! <ris 
Rejl +z#! >0, 
z 
/zj <r. 
A function f(z) belongs to S*(p), i.e., is starlike of order ,6, 0 < /3 < 1, if it 
satisfies the condition 
A functionf(z) belongs to SC@), i.e., is convex of order p, 0 < /3 < 1, if it 
satisfies the condition 
Let Ym denote the class of analytic functions of the form 
p(z) = 1 f $2 + c& -I- ..‘) ZI < 1, 
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(1.3) 
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satisfying the inequality 
ReWl > ap O<lX’<l, (1.3) 
and 9, the class of functions q(z) with series expansion of the form (1.2) but 
satisfying the inequahty 
lq~+($q~,, O<iu<l. 
We note that if 01 = 0, both Pm and 9, are reduced to the class B of functions 
with positive real part. 
Shaffer [ll] obtained the radii of starlikeness and convexity for subclasses 
of N which satisfy conditions such as f(z)/z E A’, , f(z)/g(z) E Z& , f’(z) E 9, , 
f’Wg’(4 E -% where& x , in turn, belongs to various subclasses of N such as S, > 
S*, SC, S*(@, SC@). For the corresponding subclasses in which 2, is replaced 
by 9, , Shaffer’s conditions for starlikeness and convexity remain sufficient 
but not sharp except for the case 01 = 0. In this paper, we establish the radii 
of starlikeness and convexity for the latter subclasses. The results obtained 
generalize those of MacGregor [5-71, Ratti [8, 91, Causey and Merkes [l], 
Shaffer [12], Hallenbeck [3]. 
The lemmas required for the proofs of our theorems are given in Section 2. 
Sections 3 and 4 contain theorems giving the conditions for starlikeness and 
convexity, respectively. 
2. SOME LEMMAS 
hmMA2.1. Letp(z)E~.TkenforO~a:<landIzj=~(l 
Re 1 q4 y:p( )I a x 
for R, <R,, 
l)v2 1’2 ’ - c201 - ‘Jr2 
- lwyr2 1 for R < R 2\ 11 
whe 
1p = a- a(201 - l)Y2 l/2 
1 
1 -Y2 
! and R 2 1 = +(201-1)r 
1+r * 
Remark 2.1. Lemma 2.1 is a particular case of Theorem 3 of [4]. It may 
also be proved by means of Lemmas 3 and 4 of [14]. The results are sharp. 
The extremal functions are given by 
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(i) for R, < R, , p(z) L-- (1 - a)/(1 -t 2); 
(ii) for R, < RI , 
where cos 0 satisfies the equation 
(2R, - a - cc) -- 2 cos 0[(2R, - a - cx)(l + a) + (1 - a)“]~ 
+ [201(2R, - Q - or)(l + 2 cos2 0) + 4(1 - a)“]r2 
- 2 cos e[(2R, - a - ff)(30i - 1) + (I - qly3 + (201 - ijy4 = 0 (2.1) 
with a = (1 - (201 - 1)y2)/(l - Y”). 
For a given r < I, the transition from the first case to the second case takes 
place when (Y = 01,, E (0, 1), where c~a is determined from the equation R, = R, . 
LEMMA 2.2. If p(z) E Pa then 
Re{q(x)} > ’ $- (2a - ‘)’ 1+r ’ jzj=r<l. 
Remark 2.2. Lemma 2.2 corresponds to the case n = 1 in [I I, Eq. (I)]. 
The result is sharp for q(z) = OL + (1 - ol)(l + l z)/(l - EZ), I E / = 1. 
3, RADII OF STARLIKENESS 
THEOREM 3.1. Let f(z) E N be such that f(z)/x E pa: . Then the radius of 
starlikeness u1 for f (z) is given by 
u 
1 
= w - 4 
( ) 
1’2 _ 1 
I-22a ’ 
( 
-CL + [a( 1 - ,)]“a 1’2 zz 
) l-2a ’ 
= 242, 
Proof. Since f (z)/z E ga , we may write 
where p(z) E 8. Thus 
I 
ZP’(Z) 
41 - 4 + PM * 
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Using Lemma 2.1, we find on 1 z / = I, 
3 l - (1 + (z-l$(l + Y)’ for R, < R,, 
1 
al-l:la+l--ol 2 lx 
a - c42a - l)r2 - - 
) 
1’2 1 - (2or - l)r2 
l-Y2 - 1 -Y2 1 
(3.1) 
for R, < R, 
where R, and R, are as given in Lemma 2.1. 
For the first case, ur is given by the smallest positive root (less than 1) of the 
equation 
(2cz - l)Y2 + 2(2lx - 1)’ + 1 = 0 
which is [2(1 - a)/(1 - 201)]l/~ - 1. Clearly, this value is not real if 01 > 6. 
Furthermore, since u1 < 1, we must have 01 < 6. 
For the second case, g1 is given by the smallest positive root (less than 1) 
of the equation 
(1 - 2cd)Y4 + 2olY2 - a = 0. 
If pi # 4, then 
i 
-a + [a(1 - a)]“” 1’2 
a1 = 
> I-2201 - 
If ar = 4, the above equation gives immediately that a, = 2-l/=. When R, = R, , 
the values of u1 in the two cases coincide. Thus by solving the equation 
t 
--a + [ol(l - ,)]1’2 1’2 = 
1 ( 
2(1 - a) 
1 
1’2 _ 
1 - 2ci l-22cz 1 ’ 
we obtain a = & which determines the transition from the first case to the 
second one. 
Remark 3.1. The results are sharp. From Remark 2.1 we deduce that the 
extremal functions are 
(i) for 0 < 01 < &, f(x) = z[l + (2a - l)z]/(l + z), 
(ii) for 1% < 01 < 1, f(Z) = OLZ + +(l - a) Z[(l + Z@)/(l - &+“) + 
(1 + zeis)/(l - xede)], where 8 satisfies Eq. (2.1) with Y = u1 . 
Remark 3.2. The case 01 = $ was proved by MacGregor [5]. Equation (3.1) 
was previously announced by Shaffer [13]. 
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THEOREM 3.2. Let f(x) E iV be such that ei”f(z)/g(z) E Y, y veal, where 
g(x) E N and g(z)/z E gm . Then the radius of starlikeness CT~ off(z) is given by the 
smallest positive root (Zess than 1) of: 
(i) (1 - 2a)r3 - 3(201 - l)r2 + (401 - 5)r + 1 = 0, if 0 < a: < 01~) 
(ii) (201 - I)r4 + 2(2a - I)v3 - (1 + LX)+ - 2~ + 01 = 0, if o10 < 01 < 1, 
for some a0 E (0, 1). 
Proof. The function f(z)/g(z) satisfying the condition eg”f(z)/g(s) E B is 
subordinate to the function 
I + cz J+cJ+x l--c 
1-z 2 -+-$-’ 1-z 
ICI =l. 
Hence, there exists p(x) E 9 such that 
f(4 1 + c -=-2-p(“+!+ 
&4 
Thus 
Making use of Eqs. (3.2) and (3.1) (since g(z)/z E I’,) and the result [9] 
t real, 1 z [ = r < 1, p(z) E 8, 
we obtain the required equations from which the radii of starlikeness may be 
found. 01s is determined by equating the values of o2 in the two cases. 
liemark 3.3. The extremal functions are given by 
(i) f(z) = &$ [- + (1 - a)z +$j, 
where B satisfies Eq. (2.1) with Y = us , 
Remark 3.4. The two cases in which y = 0 and o! = 0, 4 were obtained by 
Ratti [8, Theorems I and 21. 
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Remark 3.5. The above results may be further generalized. Consider 
f(x) E N such that f(z)/g(x) E PB , 0 < /3 < 1, where g(z) E N and g(z)/z E zP~ . 
Then we may write 
f(4 
go = B + (1 - B)PW 
so that 
Re 
Using Eq. (3.1) (sinceg(z)/x E 9,J and L emma 2.1, Eq. (3.3) yields the equations 
giving the radii of starlikeness of f(z) for different ranges of values of 01 and /3. 
The results so obtained are sharp. The details, being too complicated and lengthy, 
are omitted. 
THEOREM 3.3. Let f(x) E N be such that f(z)/g(z) E gB , 0 < /3 < 1, where 
g(z) E S*(a), 0 < 01 < 1. Then the radius of starlikeness (TV off(z) is given by the 
smallest positive root (less than 1) of 
(i) (2~ - 1)(2/3 - l)r2 + 2(a + 2/3 - 2)r + 1 = 0, q O<P<&,, 
(ii) [o~~+~(1-2~11-~~)]r~+2(o1-~-~/3)(1-~)r~+[(1 -j3)(1--)2+ 
2@]r” + 2/3(1 -a) r-p = 0, if PO < /3 < l,for some &E(O, 1). 
Prooj: Since 
.fM 
go = B + (1 - 8) PM PM E g’, 
we have that 
The theorem follows by applying Lemma 2.1 and Lemma 2.2 to Eq. (3.4). 
& may be determined by equating the two values of a3 . 
Remark 3.6. The minimum of the first term on the right-hand side of 
Eq. (3.4) is attained for the function g(z) = z/(1 + Z)~-~* E S*(a) at z = r. 
On using Remark 2.1 we deduce that the extremal functions are, respectively, 
where 0 satisfies Eq. (2.1) with Y = a3 and 01 replaced by /3. 
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Remark 3.7. Putting p == 0, we find 
a - 2 + 2B + 
cJ3 
(a” - 3)1’2 
= 
201- 1 
1 1 
3 
for &!=- 
2 
which is the result obtained by Ratti [8, Theorem 31. MacGregor [6, Theorem 31 
proved aa = 2 - 3112 in the case o! = p = 0. 
THEOREM 3.4. Let f(z) EN be such that f(z)/g(x) E ~9’~ , where g(z) E SC. 
Then the radius of starlikeness oa off(z) is given by 
(i) (3 - 401)-l if0 < 01 < (~a , some 0~~ E (0, *), 
(ii) the smallest positive root (less than 1) of 
(1 - a)r4 - 2(3~ - l)r3 + (301 + l)r2 + 4olr - 401 = 0, 
ifa, < a < 1. 
Proof. Writing 
fc4 __ = a + (1 - a) p(z), &4 PM E 8, 
we find 
For g(z) E SC, we have [ 151 
[XI =r<l. (3.6) 
Lemma 2.1 together with (3.5) and (3.6) give u4, in case (ii), as the smallest 
positive root (less than 1) of the given quartic equation, and in case (i), as the 
root of (3 - 4~x)r - 1 = 0. In the latter case, the condition 0 < CT, < 1 requires 
a to be less than &. The exact value of o(s may be obtained by equating the values 
of IJ~ in the two cases. 
Remark 3.8. The bound in (3.6) is attained by g(z) = z/(1 + z) at z = Y. 
Thus, the results are sharp for 
where 0 satisfies Eq. (2.1) with r = a4 . 
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Remark 3.9. The case 01 = 0 was considered by MacGregor [6, Theorem 41. 
THEOREM 3.5. Let f(z) E N be such that f(z)/g(z) E 8, where g(z)&) E .Yis , 
0 < p < 1, and s(z) E S*(U). Then the radius of starlikeness a5 off(z) is given 
by the smallest positive root (less than 1) of 
(i) (1-2a)(2jI- l)r3 + (4&4ol- lop + 7)r2 + (2U + 4/3-7)Y + 1 = 0, 
if 0 G B < A, SOme A E (0, 11, 
(ii.) [(1 - 2a.119 + a2(1 - @]Y* - 2(2 - a)@ - 01+ $3)~~ + [(2 -ar)2(l -/3) 
+ 2afi]r2 + 2/3(2 - &)Y - /!3 = 0, ;f Po<P<l. 
Proof. Forg(z)/s(z) E pa and f (z)/g(x) E B, there existp(z) E B and p,(x) E B 
such that 
&4 _ 
s(z) - P + (1 - PI P(x) and ‘$ = pi(z). 
Thus 
Applying Lemmas 2.2 and 2.1 to the three terms on the right-hand side of 
Eq. (3.7), respectively, we obtain the required equations. Again @a is determined 
by equating the values of us in the two cases. 
Remark 3.10. The results are sharp. Choosing pr(z) = (1 - z)/(l + a) and 
using Remark 3.6 we find that the extremal functions in the respective cases are 
(‘1 f (‘) = ( f’:$& 
1-Z 
p + (1 - p) p 1 , 
6) f (‘) = (f(;;& [B + ; (1 - B) (; I :T:: + ; y- $)], 
where 0 satisfies Eq. (2.1) with Y = as and 01 replaced by /3. 
Remark 3.11. Putting /I = 0, 4 we obtain Theorems 3.1 and 3.2 of Causey 
and Merkes [l]. 
4. RADII OF CONVEXITY 
THEOREM 4.1. Let f(z) E N be such that f’(z) E gE . Then the radius of 
convexity p1 off(z) is equal to a, as given in Theorem 3.1. 
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Proof. Sincef’(x) = a: 7 (1 - a) p(z), for some p(z) E b, we find 
(4.1) 
The rest of the proof is identical to that of Theorem 3.1. 
Remark 4.1. The results are clearly sharp and the extremal functions are 
given by 
(i) for 0 < LY. < &, 
f(x) = 02 -/- (1 - a) 
s 
oz &$ d[ = (2a- 1) z + 2(1 - a) lo& -+ a), 
(ii) for&<a<<, 
= (2or - 1) a - (1 - a) [eie log(1 - a@) + e+ log( 1 - zeie)], 
where 0 satisfies Eq. (2.1) with Y = pr . 
Remark 4.2. This theorem gives the answer to the problem mentioned in 
Hallenbeck [3, p. 2911 who proved the special case 01 = 4. The latter result was 
also announced by Shaffer [12]. MacGregor [5] obtained the solution for the 
case OL = 0. 
THEOREM 4.2. Let f(z) E iV be such that f’(z)/g’(z) E 9”, where g(z) E N and 
g’(z) E 9, . Then the radius of convexity pz off(z) is equal to cr2 as given in Tkeorm 
3.2. 
Proof. Put f ‘(.z)/g’(z) = pr(z) and g’(z) = CY + (1 - CX) p(a), where p,(z) and 
p(z) are in 9. Then 
As in Theorem 3.2, the theorem is proved by using Eq. (4.2) together with 
Eq. (3.1) and Lemma 2.1. 
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Remark 4.3. The extremal functions are 
where 0 satisfies Eq. (2.1) with Y = pa . 
Remark 4.4. Theorems 2 and 3 of Ratti [9] cover the two cases 01 = 0, 4. 
Remark 4.5. We may generalize the above theorem to the class of functions 
f(z) E iV satisfying the condition f’(z)/g’(z) E gB , 0 < p < 1, where g(z) E N 
and g’(.z) E ,?a . The results are again the same as those mentioned in Remark 3.5. 
THEOREM 4.3. Let f(z) E N be suck that f’(z)/g’(z) E 9, where g(z) E S*(a), 
0 < 01 < 1. Then the radius of convexity pa of f(a) is given by the smallest 
positive root (less than 1) of 
(i) (201 - 1)2r3 - (7 - 1401 + 4az)ra + (7 - 6o1)r - 1 = 0, $0 < OL < 01~ , 
(ii) (8a2- 3~ l)r4 + 4(3+ l)r3 + 2(3&-4cu2-3)r2-4(1 + 01)r + 5~-1 = 0, 
zy310 < 01 < 1, 
for some cd0 E (0, 1). 
Proqf. Put f’(z)/g’(x) = p(z), where p(z) E S, then 
Combining Eq. (4.3), Lemma 2.1, and the result [14, p. 3291 
> 1 - (4 - 601) r + (201 - 1)~ 
’ (1 f r)(l + (201 - 1)r) 
for R, <R,, 
(4.3) 
(4.4) 
1 
%--or + 2 ( oL(2 
- 
ol)(l 1
- 
-r2 (201 
- 
1)Y2) 1 
u2 1 - - 
_ o1 _ 1 (201 - Y2 1y 1 
for R, < R, , 
where 
R, = [ct 
1 - (2cd - l)Y2 
(2 - a)(1 - r”) ! 
1’2 
and R 4 
= 1 +(2a--)r 
1+r ’ 
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we obtain the required equations. When R, 11: R, , the values of pa in the two 
cases coincide. This enables the determination of a,, . 
Remark 4.6. The results are sharp and the extremal functions in the two 
cases are given by 
(9 f(z) = s 
z (1 - Pa- 1)5)(1 + Q dl 
' 
0 
(1 - 5)4-z” 
(ii) f(z) = 
1 
z (1 + E)(l - 2c& cos 0 + (2a - 1)5”) df 
0 (1 - [)(l - 25 cos I9 + ,a>,-= ’ 
where 0 satisfies [14, p. 3301 
1 - 2p3% cos e + (2or - l)p,2 _ 
- 1 - 2ps” cos 0 + pa2 ( 
‘a 1 - (2a - l)ps2 I,“ 
(2 - 41 - f32) i . 
Remark 4.7. Putting u = 0, 4 we obtain Theorems 4 and 5 of Ratti [9]. 
Remark 4.8. The above theorem may be extended to the class of functions 
f(a) E N such thatf’(z)/g’(z) E gB , 0 < p < 1, where g(a) E S*(a). For, writing 
04 &j = B + (1 - PI PM P(4 E 99 
we find 
Re l+a# 
! 
+#/+Re! 
Equations (4.5), (4.4), and Lemma 2.1 yield the equations giving the radii of 
convexity off(z) for different ranges of values of (Y and #I. The lengthy details 
are not included here. 
THEOREM 4.4. Let f(z) E N be such that f’(z)/g’(x) E YB , 0 < /3 < 1, where 
g(z) E SC(~), 0 < (Y < 1. Then the radius of convexity p4 off(z) is equal to CJ~ as 
defined in Theorem 3.3. 
Proof. Write f ‘(x)/g’(z) = /zI + (1 - /I) p(z), where p(a) E B, then 
Re 11 +a$$)/ = Re 11 +#I + Re 1 B,(l $yip(a) 1. 
.z z 
(4.6) 
Since g(z) E Se(,), we may use Lemma 2.2. The remainder of the proof is the 
same as that of Theorem 3.3. 
STARLIKENESS AND CONVEXITY 157 
Remark 4.9. Choose g(z) = si (1 + [)a~-~ d.$ then the extremal functions 
in the two cases are given by 
where 8 satisfies Eq. (2.1) with Y = p4 and cy replaced by 18. 
Remark 4.10. Putting /3 = 0 gives Ratti’s Theorem 6 [9]. 
THEOREM 4.5. Let f(x) EN be such that f’(z)/g’(z) E Pa , where g(z) E S. 
Then the radius of convexity p5 off ( ) z is g iwen by the smallest positive root (less 
than 1) of 
(i) (201 - l)r3 + (7 - 10a)r2 + (401 - 7)~ + 1 = 0, if O<ar<%, 
(ii) WY4 - 4ar3 + 4(1 - M)Y2 + 4crr - a = 0, if aO<ti<l, 
fofsomea, E(O, 1). 
Proof, As before, if we put f'(x)/g'fz) = cx + (1 - a)$(~), some p(z) EPP, 
then 
For g(z) E S, we have [2, p. 1661 
(4.8) 
Making use of (4.7) (4.8), and Lemma 2.1 we obtain the required results. 
LY* is determined by equating the values of pS in the two cases. 
Remark 4.11. Equality holds in Eq. (4.8) for the Koebe function g(a) = 
~(1 - a)-“. Thus, the extremal functions are 
where 0 satisfies Eq. (2.1) with r = pS . 
Remark 4.12. The case B = 0 was previously obtained by Ratti 
[9, Theorem 11. 
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